We theoretically investigate the spectral property of biphoton state from the cascade emissions from a Doppler-broadened atomic ensemble. This biphoton state is spontaneously created in the four-wave-mixing process. The upper transition of the emissions lies in telecom bandwidth, which prevails in fiber-based quantum communication for low-loss transmission. We obtain the spectral property in terms of superradiant decay rates of the lower transition, excitation pulse durations, and temperature of the medium. We quantify their frequency entanglement by Schmidt decomposition and find that more entangled source can be generated with longer excitation pulses, enhanced decay rates, and significant Doppler broadening. A minimally entangled biphoton source can also be located at some optimal temperature of the atoms. This allows spectral shaping of continuous frequency entanglement, which is useful in multimode long-distance quantum communication. 
I. INTRODUCTION
Quantum network [1] envisions interconnections between quantum nodes which share and transfer quantum coherence and entanglement. This distribution of entanglement or quantum communication can be achieved via efficient light-matter couplings [2] and coherent transfer of light [3] . For fiber-based light transfer, quantum communication to long distance can be attainable if the telecom bandwidth of light is exploited, since it has the lowest transmission loss. Except for rare-earth atoms [4, 5] or erbiumdoped crystal [6] , which have telecom ground state transitions, conventional alkali-metal atomic ensembles do not directly access the telecom bandwidth from their ground states. Nevertheless, the telecom photons can be obtained via atomic cascade transitions (upper transition) [7] or telecom-wavelength conversion [8, 9] . The highly correlated telecom and infrared photons are spontaneously generated from four-wave mixing with two weak laser driving fields. The infrared transition (lower transition), on the other hand, is perfectly suitable for quantum storage as a genuine quantum node. Recent progress of telecom photon generation includes frequency conversions in trapped ions [10, 11] , a nitrogen-vacancy center in diamond [12] , or nonlinear microring resonator [13] , and enhanced emissions from single erbium ions in a silicon nanophotonic cavity [14] .
In addition, high communication capacity can be feasible and encoded in either discrete [15] or continuous degrees of freedom [16] , allowing high-dimensional control and manipulation of quantum information. Continuous entanglement, to name a few, involve spatial [17] , time-energy [18] [19] [20] , transverse momenta [21, 22] , and orbital angular momenta of light [23] [24] [25] [26] [27] [28] . Using atomic cascade transitions, continuous frequency entanglement [29] can be spectrally shaped [30, 31] by frequency or phase modulations and manipulated by projecting multiphoton entangled states which are created from cascaded atomic ensembles [32] .
With the optimal telecom bandwidth in fiber-based quantum communication and potentially high capacity of frequency entanglement of the cascade emissions, we further consider a spectrally-entangled biphoton source from a thermal atomic system. This can be realized in conventional vapor cells [33, 34] which have several advantages over cold atoms in their scalability and convenient implementation with no need of trapping and cooling. For thin vapor cells [35, 36] , they can even provide strong confinement of the thermal atoms and thus the flexibility to control the cell thickness, while suffer from low optical depth. There are wide fundamental studies operated in thermal atoms, for example, including electromagnetically induced transparency and slow light properties [33, [37] [38] [39] [40] [41] , radio-frequency electrometry [42, 43] using Rydberg transitions [44] , atom interferometry [45] , and quantum memory [46, 47] in scalable photonic quantum network [48] .
In this paper, we study the biphoton states via cascade transitions from a Doppler-broadened atomic ensemble, and investigate their spectral entanglement properties. The biphoton states are spontaneously created from the cascade emissions driven by two weak laser fields under four-mixing condition. We derive the spectral function of the biphoton state with Doppler broadenings. For two excitation platforms of co-and counter-propagating schemes, we are able to numerically obtain its Von Neumann entropy by Schmidt decomposition, with dependences on driving field durations, superradiant decay constant of the infrared photon, and temperature of the thermal gas. Our study puts forward a potential application in high capacity quantum communication using spectral shaping and manipulation. Before including Doppler effect from a thermal atomic system (TAS), we first review how we derive the biphoton state from a cold atomic ensemble driven by two weak laser fields under four-wave mixing (FWM) condition. As shown in Fig. 1(a) , two classical fields (with Rabi frequencies Ω a and Ω b ) drive the system from the ground state |0 via excited states |1 , |2 , |3 , into two spontaneously emitted photonsâ s ,â i . The Hamiltonian in interaction picture can be written as [30, 32] 
where = 1, and λ m indicates the polarization of photons. We denote the signal and idler photon coupling constants as g s(i) which have encapsulated (ǫ km,λm ·d * m ) with the polarization direction ǫ km,λm of quantized bosonic fieldsâ km,λm and the unit directiond m of dipole operators. The detunings are defined as ∆ 1 = ω a − ω 1 and ∆ 2 = ω a + ω b − ω 2 with atomic level energies ω 1,2,3 . The upper excited state |2 allows a telecom wavelength within 1.3-1.5 µm if 6S 1/2 and 4D 3/2(5/2) , or 7S 1/2 levels are considered [7] for rubidium or cesium atoms respectively. Various dipole operators are defined asP †
iki·rµ . Central frequencies and wave vectors of these fields are ω a(b),s(i) and k a(b),s(i) respectively, where we further define
From the Hamiltonian of Eq.
(1), we can formulate self-consistent Schrödinger equations assuming there is only one atomic excitation. And as such, we express the state function as
where s(i) in the summation denotes k s(i) and λ s(i) respectively, collective single excitation states are |m µ ≡ |m µ |0
⊗N −1 ν =µ with m = 1, 2, 3, and |vac represents the vacuum photon state. The state function involves the states with a FWM cycle where a collectively excited atom goes through the intermediate, upper excited states, and then back to the ground state with signal and idler emissions. The assumption of single excitation space is valid when weak laser fields are applied and satisfy √ N |Ω a |/∆ 1 ≪ 1. This requirement also complies with the condition of adiabatic elimination of the levels |1 and |2 in the excitation process.
Using Schrödinger equation i ∂ ∂t |ψ(t) = V I (t)|ψ(t) , we are able to derive self-consistent coupled equations of motion. With the steady-state solutions, the ground state probability amplitude E(t) is almost unity, and
where the atom adiabatically follows the driving fields. We further consider a symmetrical single excitation state, (
, which contributes to the biphoton generation most significantly in large N limit, and therefore this leads to the probability amplitude of the biphoton state |1 ks , 1 ki [29, 30, 32] ,
where FWM condition N µ=1 e i∆k·rµ guarantees the phase-matched and highly correlated biphoton state when ∆k
The superradiant decay constant [49] of the idler photon [7, 50] can be quantified as Γ N 3 = (Nμ + 1)Γ 3 with an intrinsic decay rate Γ 3 and geometrical constantμ [51] . This constant in general depends on the atomic density and light-matter interacting volume, which therefore can be easily modified by controlling the thickness of vapor cell or its density. The relevant collective frequency shift [52, 53] is denoted as δω i , which originates from resonant dipole-dipole interaction from rescattering spontaneous emissions [54] . This shift can be absorbed into idler central frequency, which is generally order of kilohertz [55] .
To proceed, we assume Gaussian pulse excitations,
, with the pulse duration τ to characterize the effect of excitations on spectral properties of the biphoton state.Ω a,b represents the pulse area, and we obtain D si from Eq. (5),
where f (ω s , ω i ) has a Lorentzian distribution with a spectral width Γ
Finally, to include the Doppler broadening in the spectral function, we average f (ω s , ω i ) of Eq. (7) with a Maxwell-Boltzmann distribution for some temperature T of the thermal atoms. We then obtain
where σ ≡ k B T /m with the mass of the atom m and the Boltzmann constant k B . The sign of ∓k i v indicates the co-or counter-propagating schemes respectively, which we will investigate in details later. Here one-dimensional average of MaxwellBoltzmann distribution is kept intact due to FWM condition. From Eq. (8) and considering the copropagating scheme, we further obtain
where b ≡k 
B. Spectral analysis
The spectral properties and continuous frequency entanglement of the Doppler-broadened biphoton state can be analyzed by Schmidt decomposition. Here we review and introduce Schmidt decomposition in continuous frequency spaces [19] . For some polarizations λ s and λ i , we express the Doppler-broadened biphoton state |Ψ with a spectral function f D (ω s , ω i ),
The quantification of entanglement in the above biphoton state can be determined in the Schmidt bases where the state vectors can be written as
whereb † n andĉ † n are effective photon creation operators with eigenmodes ψ n and φ n respectively. λ n 's are the eigenvalues and the probabilities for nth eigenmode. These eigen solutions are obtained by where
The above K 1,2 are the kernels for one-photon spectral correlations [19, 20] . The orthogonality of eigenmodes is satisfied that
, and the normalization of quantum state demands n λ n = 1. The Von Neumann entropy of entanglement S in such Schmidt bases can then be calculated as
S is vanishing when λ 1 = 1, which indicates of a separable or non-entangled state. For more than one Schmidt numbers λ n , the entropy S > 0, meaning nonvanishing bipartite entanglement. Finite S indicates that f D (ω s , ω i ) cannot be factorized as a multiplication of two separate spectral functions, that is g D (ω s )h D (ω i ).
III. COPROPAGATING SCHEME
In the copropagating scheme of two-photon excitation, we expect of significant Doppler broadening in the spectral function f D (ω s , ω i ). This suggests that the temperature of the thermal atoms can act as a controllable knob over spectral entanglement. Below and throughout the article we take λ i = 795 nm, λ s = 1.32 µm, and Γ 3 = 2π × 5.8 MHz of D1 transition as an example in rubidium atoms.
In Fig. 2 , we demonstrate the effects of temperature, excitation pulse duration, and superradiant decay constant on the biphoton spectral function. As the system temperature increases in Fig. 2(a) , the spectrum distributes toward the anti-diagonal direction. This trend can be seen in Eq. (10) where copropagating scheme makes (bk i /k si − 1) < 0 at high temperature as b → 1. Therefore, the spectral distribution of ∆ω s has an opposite sign to ∆ω i , and Eq. (9) favors the distribution of anti-correlated signal and idler photons.
This transition of distributions from diagonal to anti-diagonal directions further shows the competition between two energy scales of Γ N 3 and k B T . In Fig. 2(b) , at room temperature, the effect of Γ N 3 tends to distribute the spectral function along the energy-conserving axis (diagonal direction), that is ∆ω s + ∆ω i = 0. This is more transparent when we look at the low T limit in Fig. 2(a) where b → 0, and the Gaussian distribution e We further analyze the bipartite entanglement in continuous frequency spaces by Schmidt decomposition. In a Dopplerbroadened medium, the entanglement is convex to the dependences of temperature or superradiant decay constants, as shown in Fig. 3(a) . It reaches the minimum near the transition from diagonal to anti-diagonal spectral distributions. The minimum indicates of a more symmetric spectral function with the lowest entanglement, while when T or Γ N 3 increases, we have a more entangled biphoton source. For the dependence of pulse durations, the entanglement increases almost linearly within our parameter regimes. We calculate the entanglement by using Eq. (18), and find the asymptotic entropy of entanglement at infinite spectral ranges by fitting it with a function a(1 − e −bR ). R, a, and b respectively represent the limited ranges we apply, fitted asymptotic S at infinite ranges, and slope of convergence. The numerical calculations of special functions in Eq. (9) are limited by 64-digit computer double-precision, thus allowing limited spectral ranges for fitting. As expected, S approaches a as more data points are included for fitting, while we note that for small T and τ , the fitting deviations are relatively large due to the limited ranges.
In Fig. 3(b) , we compare two cases of thermal atoms with a low or high temperature. The more entangled biphoton state at high T reflects on the slow decay of Schmidt eigenvalues λ n . Large entanglement means more modes involved in frequency spaces, which can be used for encoding information in quantum communication. As a demonstration, we show first three mode functions for the case of high T . Broader spectral widths for the idler photon compared to the signal one can be seen in the spectral weights in Fig. 2(a) . The number of the resonances corresponds to the order of signal and idler modes, and they resemble the Hermite-Gaussian modes in space due to the nature of Gaussian distribution in the spectral function.
IV. COUNTER-PROPAGATING SCHEME
For the counter-propagating scheme, the sign of k s is opposite to k i , which leads to |k si | < k i . Thus, we expect of less Doppler effect on the spectral function. However, it is still interesting to explore the spectral properties in such system, which provides an alternative and flexible manipulation of spectral entanglement.
In Fig. 4(a) , we again plot the bipartite entanglement with the dependences of three main parameters, similar to Fig. 3(a) . Various insets in the panels show the spectral functions for specific parameter regimes indicated by the arrows. As T increases, the spectral distribution tends to have more weights along the diagonal direction, and thus allows a more entangled biphoton source as shown in Fig. 3(b) . The entropy of entanglement saturates for large T , which indicates a limitation on increasing S by tuning the temperature of the system. The S increases linearly as Γ N 3 increases or at large τ . By contrast, the entanglement of biphoton state created from the counter-propagating scheme does not have the valley-like dependence in the copropagating case. Therefore, the counter-propagating scheme seems to provide less control over low entropy of entanglement. Nevertheless, the saturation of temperature dependence allows for more stable control over entanglement, which is thus more resistant to thermal fluctuations of the system. Similarly, we plot first three mode functions in Fig. 4(b) at high temperature. Comparing Fig. 3(b) , we find that the modes are more distinctive in the resonance peaks, making the spectral shaping of modes more advantageous. The insets in (a) and (b) are spectral functions |fD(ωs, ωi)| with the same parameter ranges as the leftmost one of (a), unless specified. Arrows indicate the specific parameters for the spectral functions.
V. DISCUSSION AND CONCLUSION
Continuous frequency entanglement empowers the quantum capacity for efficient and secure quantum communication. The advantage lies not only in potentially infinite modes being exploited, but also the robust and versatile coherent control through optical elements. With convenient platforms of vapor cells, Doppler-broadened and spectrally-correlated biphoton source allows for entanglement control and mode manipulations. Furthermore, using spectral shaping [57] by multiplexing multiple atomic ensembles [30, 31] enables encoding quantum information to realize quantum algorithms with Hadamard gates [57] . This promises a compact, stable, and controllable implementation of entangled photons, which are fundamental to scalable quantum information processing [58, 59] .
In conclusion, we have investigated the spectral entanglement of the biphoton state from a thermal atomic system. We derive the spectral function by including the Doppler effect, and consider co-and counter-propagating excitation schemes to generate such biphoton state from atomic cascade configurations. We are able to spectrally manipulate and shape the entanglement property by controlling the temperature of the atoms, excitation pulse durations, or superradiant decay constant of the lower transition. More entangled biphoton source can be created for higher temperature, decay rates, or longer pulse durations. On the other hand, minimally entangled or nearly pure biphoton state can be located by tuning the temperature or decay rates of the system in the copropagating scheme. Our study paves the way toward multimode quantum information processing by engineering spectral modes of the photons, and potentially enables efficient high-dimensional quantum communication via telecom bandwidth. 
